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Abstract 
Numerical and experimental studies of fatigue crack growth under both pure mode I and combined mode I and II 
were performed. A CT-like specimen with an additional hole for mixed-mode loading made from an Al-alloy 
D16CT1 was used. A 2D elastic-plastic FEM simulation of a growing fatigue crack allowed us to determine 
the value of the total plastic energy dissipation per cycle throughout the cyclic (reversed) plastic zone directly from 
the elastic-plastic stress and strain fields in the vicinity of a crack tip. According to the Klingbeil’s theory, the total 
plastic energy dissipated ahead of a crack tip is related to the fatigue crack growth rate. To review this 
theory, experimentally observed fatigue crack growth rates were correlated to the computed energies for both 
straight and slant crack growth. Moreover, a comparison according to the conventional concept of an equivalent 
stress intensity factor is presented. 
© 2014 The Authors. Published by Elsevier Ltd. 
Selection and peer-review under responsibility of the Norwegian University of Science and Technology (NTNU), Department of 
Structural Engineering. 
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1. Introduction 
There are numerous criteria for determining fatigue crack growth rate under combined mode I and II loading 
condition. Some criteria are based on a Paris type equation as a power-law function of an equivalent cyclic stress 
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intensity factor ΔKeq. There are many formulae for estimation of ΔKeq as a combination of stress intensity factor 
range in mode I and II to provide the best fit to experimental data, i.e. Richard et al. (2004) and Tanaka (1974). 
Klingbeil (2003) proposed a theory of fatigue crack growth in ductile solids based on the total plastic energy 
dissipation per cycle ahead of the crack.  
In the authors’ previous work, Ondracek et al. (2014), a numerical model of a growing fatigue crack inclined 
to the direction of external loading was presented. Two criteria for a fatigue crack growth rate determination 
proposed by Tanaka (1974) and Richard et al. (2004) based on ΔKeq were compared with the amount dissipated 
energy per cycle from a perspective of Klingbeil’s theory. All experiments were made using the aluminum alloy 
D16CT1 specimen. According to numerical results, the criterion by Richard 
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is better-suited for the investigated alloy. In this work, numerical results are accompanied by experimental 
measurements of fatigue crack growth in a CT-like specimen allowing mixed mode loading. The amount 
of dissipated energy per cycle, as well as ΔKeq along the crack path, was calculated. Subsequently, the correlation 
between both quantities and the observed fatigue crack growth rate was investigated. 
2. Mixed mode specimen geometry 
A CT-like specimen with an additional hole for mixed mode loading was used. The specimen geometry is shown 
in fig. 1. An initial V-notch with length of 5 mm was introduced to ensure a correct initiation of the crack. 
This geometry can only be used to study crack growth under combined mode I and II loading where the initial angle 
between the crack and loading direction is 45º. The initial pre-crack length is 5 mm when measured on the surface. 
 
   
 
Fig. 1 A CT-like specimen geometry in mm on the left; a close-up view of the crack growth direction in mode I and II mode on the right 
3. Experimental procedure 
The CT-like specimen described above was loaded under mode I condition with a maximum force equal 
to 2750 N and a stress ratio equal to 0.035. The load was applied sinusoidally at a frequency of 15 Hz and 
the loading parameters stayed unchanged during the whole experiment. The test was conducted at a room 
temperature. When the crack reached the length of 11 mm, the loading direction was altered and the third hole in 
the specimen was used. This loading direction was kept until failure of the specimen. The overall crack length a 
was calculated as a sum of pure tensile and combined mode growth, as seen in fig. 1. The measurement of a crack 
length and inclination angle was performed under the microscope. 
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4. Numerical procedures 
4.1. Finite element mesh 
Two different meshes were created in order to simulate mode I and combined mode I and II fatigue crack growth 
respectively. In both cases, the plane stress and strain calculations were performed. The finite element model uses 
two element types. The linear 4-noded quadrilateral plane full integration elements are used for modelling a refined 
square region, where the crack propagates (Fig. 2). The quadrilateral elements in the refined region are aligned to be 
parallel to the crack propagation direction. The crack propagation direction was adjusted to correspond to the 
experiment. The size of the elements in the refined region is 60 × 60 μm, which is approximately 1/25 of the cyclic 
plastic zone size under condition of plane stress. The rest of the specimen is covered by 3-noded isoparametric 
triangular elements. Model inputs were generated using a python script and the simulations were carried out in 
MSC.Marc 2013. 
 
 
 
Fig . 2 A finite element mesh used in 2D analysis – a close-up view of the region of the crack growth 
4.2. Boundary conditions and the crack advance algorithm 
The crack tip advance was modeled by a sequential splitting of finite element mesh along element edges during the 
cyclic loading. The loading process consisted of a sequence of alternating so called active and idle cycles. During an 
active cycle the crack moved along an element edge at the minimum of the cycle. The crack growth increment was 
therefore one element edge size per active cycle. Crack closing and opening during loading cycles was simulated by 
the MSC.Marc’s node-to-segment contact algorithm. During an idle cycle the crack was fixed in length to achieve a 
numerically stabilized solution necessary for proper calculation of plastic energy increment per one loading cycle. 
Energy dissipation behind the crack tip caused by the contact of the crack faces was omitted from the presented 
results. 
4.3. Numerical evaluation of stress intensity factors 
The stress intensity factor ranges ΔKI and ΔKII were evaluated numerically using the virtual crack closure technique 
(VCCT) based on the energy release rate calculation on the FEM mesh presented in fig. 2.  
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4.4. Material input data  
The material examined in this study was Al alloy D16CT1 (AlCu4Mg1type) used in the aircraft industry. 
The mechanical properties of the alloy D16CT1 are following: Young’s modulus is 67 906 MPa, 
Poisson’s ratio 0.34 and plastic response is represented by the piece-wise linear work hardening curve with yield 
stress 410 MPa. Kinematic hardening rule was used to represent the observed Baushinger’s effect. 
5. Results and discussion 
Crack rates recorded during the fatigue experiments on a CT-like specimen of alloy D16CT1 are shown in fig. 4. 
The loading direction was changed by 45º after 207 000 loading cycles, subsequently the crack changed its direction 
by 67º. Thus the crack inclined towards pure mode II condition by 22º. The dissipated energy per cycle dW/dN was 
numerically evaluated along the crack path for both plane stress and strain. The cyclic plastic zones of a mode 
I and a slanted crack are depicted in fig. 5. The zone areas corresponding to 96% of the total dissipated energy are 
displayed for every type of simulation and crack length. The crack zones under condition of plane strain are wing-
shaped whereas plane stress zones are rather oval shaped. The zone shape is slightly asymmetric when combined 
mode I and II loading condition is present. The zone size, as well as the amount of dissipated energy per cycle 
of combined mode I and II crack, is larger than mode I crack because the overall crack is longer. The comparison 
of dissipated energy per cycle for various crack lengths is in table 1. According to the calculations the amount 
of dissipated energy per cycle in the case of plane stress is approximately twice as big as in the case of plane strain 
for both mode I and combined mode I and II fatigue crack growth. 
Table 1 Comparison of dissipated energy density per cycle for plane stress and strain and stress intensity factors ΔKI, ΔKII and ΔKeq for 
two crack lengths corresponding to the mode I and combined mode I and II growth respectively 
 Plane stress Plane strain 
ܽ (mm) Number of cycles dW/dN (mJ/m) dW/dN (mJ/m) ΔKI (MPa·m1/2) ΔKII (MPa·m1/2)  ΔKeq (MPa·m1/2) 
11 207 000 0.051 0.008 9.96 0 9.96 
18 537 000 0.097 0.017 12.10 0.85 12.19 
 
 
Fig. 4 Crack growth rate for mode I and combined mode I and II loading 
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Fig. 5 Plastic zones for crack lengths listed in table 2 –a darker color corresponds to a bigger amount of dissipated energy in a logarithmic scale 
 
The results of calculated dissipated energy per cycle were plotted as a function of a crack length and very well fitted 
by an exponential function. Then the dissipated energy per cycle dW/dN data were paired up with the crack growth 
rate data and the plots for both plane stress and strain condition shown on fig. 6 were created. The same process 
was repeated with the stress intensity factors ΔKI and ΔKII. A linear function was a good fit for given data. 
Then the stress intensity factors were paired up with the crack growth rate data and ΔKeq was calculated 
for each crack length from the experimental dataset according to eq. (1). The results are shown in fig. 7.  
Although the results for combined mode I and II fatigue crack growth are strongly scattered 
at the beginning, it seems that the dissipated energy per cycle in front of the crack tip can be a good candidate 
for description of the kinetics of the fatigue crack. 
 
  
Fig. 6 Dependence of the crack growth rate da/dN on the dissipated energy per cycle dW/dN for plane stress and strain condition 
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Fig. 7 Dependence of the crack growth rate da/dN on the equivalent stress intensity factor range according to Richard 
 
6. Conclusions 
The comparison of the experimental measurement of fatigue crack growth rates in the alloy D16CT1 under mixed 
mode I and II condition with subsequent finite element simulations of the same growing crack led to the following 
conclusions: 
x The observed ratio between the stress intensity factor range in mode II and I ΔKII / ΔKI is small which is 
consistent with other experimental observations. 
x Crack rates under combined mode I and II are correlated together with the traditional values of the equivalent 
stress intensity factor range according to Richard as well as with the amount of dissipated energy per cycle 
ahead of the crack tip according to Klingbeil. 
x Crack growth rates are well correlated with the dissipated energy regardless to the plane stress or plane strain 
condition used in the 2D numerical simulation.  
 
    To confirm the achieved results, additional experimental measurements of the fatigue crack growth for higher 
mode-mixity ratios should be performed. 
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